In a discounted one-sector convex model of optimal economic growth where utility may depend on both consumption and capital stock, I derive necessary and sufficient conditions for sustained growth (unbounded expansion of capital and consumption). Conditions for bounded growth and extinction are also outlined. Optimal paths may be non-monotone. Sustained growth may occur even though the asymptotic marginal productivity is less than the discount rate and may require the initial capital stock to be above a critical level. The behavior of the marginal rate of substitution between consumption and capital plays a crucial role in the conditions.
Introduction
Economists have long recognized that the incentive to accumulate wealth and capital is based not just on the expansion of future consumption possibilities but also on the increase in the direct flow of benefits 1 that emanate from holding a stock of wealth or capital.
In optimal growth models where utility depends only on consumption, conditions for sustained growth have been analyzed fairly extensively. McFadden (1967) and Gale and Sutherland (1968) were among the earliest to study a convex one-sector model with a given "productive" (or "reachable") technology that allowed for indefinite expansion of capital. In the 1980s, there was a revival of interest in the question of sustained growth: among others, Jones and Manuelli (1990) and Rebelo (1991) analyzed the condition for sustained growth in a deterministic one-sector model with no externalities or technological change; when capital depreciates fully every period, the condition requires that the asymptotic marginal productivity exceed the discount rate. 3 Beginning with Kurz (1968) , several authors have analyzed optimal economic growth with capital or wealth dependent utility in a convex and deterministic one-sector framework. 4 Most of this literature assumes that the production function exhibits bounded growth so that sustained expansion of capital and output is not technologically feasible. The literature has uncovered three interesting "non-classical" properties of optimal paths that arise due to wealth effects. We discuss these properties below and relate them to the results in this paper. While some of these properties can hold in the absence of wealth effects if the aggregate technology is non-convex, 5 the fact that they can arise in a convex framework is of particular interest as the model can be interpreted as one of equilibrium growth in a representative agent economy.
First, the presence of wealth effects can lead to multiplicity of stationary optimal stocks (i.e. optimal steady states) and the long-run behavior of optimal paths may depend on initial conditions. In the present paper, we will show that the possibility of sustained growth might depend on initial capital stock and, in particular, sustained growth might occur from capital stocks above a critical level while growth might be bounded (and extinction might even occur) from smaller capital stocks.
Second, the utility function and, in particular, the marginal rate of substitution between consumption and capital, play an explicit role in the characterization of a non-zero stationary optimal stock. For instance, with full depreciation of capital every period, a non-zero stationary optimal stock may exist even if the marginal productivity is always less than the discount rate. In this paper, we show that sustained growth may occur even when the asymptotic marginal productivity is less than the discount rate. The utility function and, in particular, the marginal rate of substitution between consumption and capital (when consumption is fixed at the level that just sustains current capital) play an important role in the conditions for sustained growth.
Third, unless the degree of complementarity between consumption and capital is "relatively small," optimal investment need not be monotonic in capital stock and optimal capital and output paths may not be monotonic over time. Majumdar and Mitra (1994) show that (in a discrete time setting), the model can generate cyclical and even chaotic 3 The analysis has been extended to multi-sector growth (Dolmas 1996) , growth with non-convex technology (Kamihigashi and Roy 2007) and stochastic growth (see e.g. De Hek and Roy 2001). 4 The stochastic version of the model is analyzed by Olson (1991, 1994) . 5 See, for example, Kamihigashi and Roy (2007) and references cited therein. dynamics. 6 In particular, optimal paths might not exhibit unique limiting behavior. This potentially complicates the task of characterizing the conditions for sustained growth. Although we impose no restriction on the degree of complementarity between capital and consumption, the sufficient conditions in the present paper ensure that when the initial capital stock is above the largest stationary optimal stock, the optimal capital path is increasing over time and diverges to infinity. When there is no non-trivial stationary optimal stock, this yields a condition for monotonic and sustained expansion from all positive initial capital stocks.
The existing published literature on sustained growth with wealth effects is rather small and mostly assumes specific functional forms for the utility and production functions. An exception is Zou (1994) , who provides a sufficient condition for sustained growth in a continuous time one-sector model with wealth effects where marginal utility of consumption is independent of capital; in particular, optimal investment is always increasing in current capital. The sufficient conditions in this paper extend the one in Zou's paper to a more general setting.
Our analysis is carried out under the assumption that consumption and capital are weakly complementary, which implies that optimal consumption is weakly increasing in current capital stock. Most of our results are derived without making assumptions that ensure interiority of optimal policy. Unlike the classical model where utility depends only on consumption, the optimal consumption path may be bounded even though the optimal capital path diverges to infinity. This is because the incentive to accumulate may be based largely on the wealth effect and not on the prospect of future consumption gains. Additional conditions are needed to ensure that optimal consumption exhibits unbounded expansion.
We also characterize the conditions for optimal paths to be bounded even though the technology allows for sustained growth. Finally, we apply some of our results to provide a sufficient condition under which optimal paths converge to zero; that is, extinction occurs. The latter complements some results on conditions for non-extinction (or conservation) developed in applications of the model to management of renewable resources.
Section 2 outlines the model and some basic results (stated without formal proofs). Section 3 outlines the sufficient conditions for sustained growth. Section 4 discusses sufficient conditions for bounded growth and uses this to provide a necessary condition for sustained growth. Section 5 contains some conditions for optimal extinction.
Preliminaries
Consider the following one-sector model of optimal economic growth that can also be interpreted as a model of equilibrium growth in a representative agent competitive economy. Time is discrete and is indexed by t ∈ Z + . The economy begins with an initial stock of capital x 0 ≥ 0. Capital depreciates fully every period. At each date t ≥ 1, the current capital stock x t − 1 determines the current output f (x t − 1 ), where f is the production function.
The current output at date t is divided between current consumption c t ≥ 0 and current investment x t ≥ 0, which is also the capital stock at date t + 1. The welfare or utility generated at date t depends on both current consumption c t and the current capital stock x t − 1 and is given by u(c t , x t − 1 ), where u is the one-period utility function. Given a discount factor δ ∈ (0, 1) and the initial capital stock x 0 ≥ 0, the dynamic optimization problem is to choose a consumption and investment sequence so as to maximize
, the intertemporal sum of discounted utility.
We impose the following assumptions on the production function f : R + → R + : F.1: f (0) = 0; f is continuous on R + and continuously differentiable on R ++ . F.2: f is strictly increasing and concave on R + . F.3: lim x→∞ f (x) > 1. Assumptions F.1 and F.2 are standard smoothness, monotonicity and convexity assumptions on the production technology. Note that we only require weak concavity of the production function. F.3 implies that f (x) > x, for all x > 0 and, in particular, from every initial capital stock x 0 > 0, it is feasible for capital and consumption to grow arbitrarily large in the long run.
Define the sets P and P 0 as follows:
We impose the following assumptions on the utility function u :
is strictly concave in c on P and u cc (c , x) < 0 on P 0 . U.4: u c x (c , x) ≥ 0 on P 0 . Assumptions U.1-U.3 contain standard smoothness, monotonicity and concavity assumptions on the utility function. In particular, assumption U.2 requires that utility be weakly increasing in the level of current capital stock. Note that we allow for utility functions that do not depend on capital. In addition, observe that although utility is assumed to be strictly concave in consumption, it is only required to be weakly concave in both consumption and capital.
Assumption U.4 requires that the marginal utility of consumption be weakly increasing in capital. Therefore, consumption and capital are assumed to be weakly complementary (we allow for the additively separable case). U.4 is used to ensure that optimal consumption is increasing in current capital stock. It is a reasonable assumption for macroeconomic and many other applications of the model.
Note that we do not assume complementarity between current and future capital stocks, 7 a condition that is generally used to ensure that optimal capital and output exhibit monotone dynamics over time. In fact, we impose no restriction on how large u c x can be and, therefore, allow for cyclical and other nonlinear dynamics of optimal capital and output over time (see Majumdar and Mitra 1994) .
In addition, observe that we do not make any assumption (like the Uzawa-Inada conditions) on the slope of the utility and/or production function at zero to ensure interiority of optimal paths.
A capital path from x ≥ 0 is a sequence {x t } ∞ t = 0 satisfying:
Associated with every capital path is a unique consumption path {c t + 1 } ∞ t = 0 given by
for every capital path {x t } ∞ t = 0 from x. For any x ≥ 0, letx t be the "pure accumulation" capital path from x defined by:
Every capital path {x t } and consumption path {c t + 1 } from x is bounded above by the sequence {x t + 1 }. We assume that:
where {x t + 1 } is defined by (1) and, furthermore, δα < 1.
Note that D.1 is satisfied if u is bounded above or, alternatively, if the discount factor is small relative to the "asymptotic growth factor." For exam-
and, therefore, D.1 is satisfied if δ θ (α + β) < 1. Let V (x) denote the value function defined on R + by: 
Part (i ) of Proposition 1 (as well as the continuity of V in part (ii)) follows from Proposition 6 in Le Van and Morhaim (2002) . 8 The other parts of Proposition 1 can be proved in a fairly standard fashion; see, for example, Mitra (2000) (the fact that our production technology allows for unbounded growth is not relevant to the proof of these results).
Using Proposition 1(ii), it is easy to see that for every x ≥ 0, there is a unique solution to the maximization problem:
Let g(x) denote the unique solution and let h(
. We shall refer to h(x) as the optimal investment function and to g(x) as the optimal consumption function. One can show that: 
(ii) h(x) and g(x) are continuous on R + . (iii) The optimal consumption function g(x) is non-decreasing on R + . The proof of parts (i ) and (ii) of Proposition 2 are fairly standard (see Mitra 2000) . The proof of part (iii) of the proposition follows from using assumption U.4 and concavity of V to show that the objective function in the maximization problem (3) is supermodular in (c , x).
Using Proposition 1(ii) and (iii) and Proposition 2(iii), we have that if g (w) > 0 for some w > 0, then g (x) > 0 and V is differentiable at every x ≥ w; furthermore, V (x) is continuous and strictly decreasing on [w, ∞).
Finally, x * > 0 is said to be a (non-trivial) stationary optimal stock if the optimal capital path {x t } from x * satisfies
The associated consumption path is also a constant sequence:
For x > 0, let γ (x) ≥ 0 be defined by:
γ (x) is the marginal rate of substitution between consumption and capital when the economy follows a constant consumption path that just sustains the capital stock x every period. If utility is independent of capital, γ (x) = 0.
Proposition 3 x * > 0 is a stationary optimal stock if, and only if,
That (7) is necessary for x * > 0 to be a stationary optimal stock follows from F.3, (2), (4) and (5). Conversely, (7) implies that the capital path from x * defined by (4) satisfies the Ramsey-Euler equation, (2), and, in addition, satisfies the transversality condition, 9 and this implies that the path is optimal from x * (see e.g. theorem 4.15 in Stokey, Lucas, and Prescott 1989; note that the proof of this theorem does not use boundedness of the immediate return function and can be applied to our context).
Sustained growth: Sufficient conditions
In this section, we outline conditions on intertemporal preferences and technology that ensure sustained growth. In particular, we provide verifiable conditions on (u, f , δ) and the initial capital stock, under which the optimal capital and consumption paths diverge to infinity. We begin with a useful lemma:
PROOF: First we show that h(x) > 0. Suppose to the contrary that h(x) = 0. Then, for all
where the last expression is the discounted sum of utility generated by the constant capital path fromx. Using the concavity of u,
so that
, using (7) and f (x) ≥ f (x)x, a contradiction. Next, we show that if (8) and (9) hold, then (10) holds. Suppose to the contrary that
As g is non-decreasing, (9) implies that g (.) > 0, V is differentiable and V is strictly decreasing on [h(x), ∞). In particular, from (11), g (x) > 0. Using (2) and (11) we have:
which contradicts (8).
Let S be the set of stocks defined by:
Because f (x) > x, for all x > 0, using Proposition 3, S is actually the set of all non-trivial stationary optimal stocks.
Definex by:
Note that if 0 <x < ∞, thenx ∈ S andx is the largest non-trivial stationary optimal stock. We are now ready to state our main result:
Proposition 4 Suppose there exists β > 0 such that
Letx ≥ 0 be as defined by (12) and (13). Thenx < ∞,
and the optimal capital path from every initial capital stock x >x is strictly increasing over time and diverges to +∞.
PROOF: Using the definition ofx and (14), we must havex < ∞. Furthermore,
To see the last inequality, note that if (16) does not hold for some x >x, then using (14), there exists some a >x such that δ[1 + γ (a)] f (a) = 1 so that (using Proposition 3), a ∈ S and because a >x = sup S, we obtain a contradiction. First, consider the case wherex = 0. Suppose that, contrary to the proposition, there exists x 0 > 0 such that
Then,
(To see that (18) holds, suppose to the contrary that h(x) ≥ x for some x > 0, then using (17), the continuity of h and the intermediate value theorem, there must be some x > 0 such that h(x ) = x so that x ∈ S, which contracts the fact thatx = 0, i.e.
Using (16), (19) and Lemma 1, we obtain a contradiction to (18). Next, consider the case wherex > 0. Asx > 0 is an optimal stationary stock,
Using continuity of f (.), h(.), there exists > 0 such that
Therefore, g (h(x)) > 0. Asx >x, using (16) and Lemma 1, we immediately have that
It follows that (15) must hold as otherwise, using the intermediate value theorem there is some x * >x such that h(x * ) = x * so that x * ∈ S, a contradiction.
It should be noted that in our model, optimal capital and consumption paths might exhibit non-monotone dynamics and, therefore, might not exhibit a unique limiting behavior in the long-run. Nonetheless, the condition for sustained growth in Proposition 4 ensures that the optimal capital paths from a certain set of initial stocks not only diverge to infinity, but are actually increasing over time. Ifx = 0, that is, there is no non-trivial stationary optimal stock, then Proposition 4 provides a sufficient condition under which sustained growth occurs globally. For ease of exposition, we can re-state this condition in the following corollary:
Then for all x > 0, the optimal capital path from x is strictly increasing over time and diverges to +∞.
In the classical version of the model where utility depends only on consumption, sustained growth occurs from every positive initial capital stock if
If (23) does not hold, then the optimal capital path from every positive initial stock converges monotonically to a unique stationary optimal stock (could be zero). With wealth or capital dependent utility, accumulation creates future benefits not only through consumption gains but also through the direct effect of higher capital stock on welfare. This creates higher incentive to accumulate and, as a result, condition (22) for sustained expansion of capital and output with capital-dependent utility is weaker than (23). One can view (22) as a welfare modified global "delta-productivity" condition. The following example illustrates the condition further.
Example 1 Let the utility function and production functions be given by:
Then, for all x > 0,
so that the condition (22) reduces to: , and θ > 1, then (25) is sufficient to ensure (22).
If the economy has a non-trivial stationary optimal stock, that is, S is non-empty, then, obviously, unbounded expansion cannot occur from every positive initial capital stock. In that case, Proposition 4 provides a condition under which sustained growth occurs as long as the initial capital stock is large enough and, in particular, greater thanx, the largest non-trivial stationary optimal stock. Example 3 in Section 5 illustrates a situation where sustained expansion of capital and output occurs from large initial stocks while growth is bounded and, in fact, extinction occurs, when the initial stock is small.
Sustained expansion of optimal capital and output, however, need not imply sustained expansion of optimal consumption. In particular, the optimal consumption function g(y) may be bounded. In the classical model where utility depends only on consumption, future consumption gain is the sole incentive for accumulation and so under mild monotonicity assumptions, unbounded expansion of capital and output is inevitably associated with unbounded expansion of consumption. However, in our framework, the dynamic incentive to accumulate may be based on future wealth or capital rather than future consumption and, therefore, the optimal consumption path may be bounded even though optimal capital exhibits sustained growth in the long run. The next example illustrates such a situation.
Example 2
The utility and production functions are given by:
Assume:
Note that:
From Corollary 1, we have that for all x > 0, the optimal capital path {x t } from x diverges to +∞. However, the optimal consumption path is necessarily bounded above. To see this, suppose to the contrary that from some initial stock, the optimal consumption path {c t + 1 } → +∞. Then there exists T such that c t > 0, for all t ≥ T . Using (2) we have:
, for all t ≥ T , and taking the limit as t → ∞, we have that the left-hand side converges to 0 while the right-hand side converges to δβ > 0, a contradiction.
Ensuring sustained expansion of optimal consumption requires somewhat stronger restrictions. The next proposition provides one such set of conditions. Proposition 5 Assume that:
If {x t } and {c t + 1 } are the optimal capital and consumption paths from some x > 0, then {x t } → ∞ implies that {c t + 1 } → ∞.
PROOF: Let {x t } and {c t + 1 } be the optimal capital and consumption paths from some x > 0 such that {x t } → ∞. Condition (iii) in the antecedent of the proposition implies that g (x) > 0 for some x > 0 (zero consumption path cannot be optimal from x >x). As g is non-decreasing and {x t } → ∞, there exists T ≥ 1, such that c t > 0, for all t ≥ T . Suppose that contrary to the proposition {c t + 1 } is bounded. Then, 0 <c = lim x→∞ g (x) < ∞ and {c t + 1 } = {g (x t )} →c . Choose > 0 arbitrarily small. There exists T 1 > T , such that c t ≥c − , for all t ≥ T 1 . Using (2), for all t ≥ T 1 :
≥ δu c (c , x t ) f (x t ) + u x (c − , x t ) u c (c − , x t ) , asc − ≤ c t + 1 ≤c so that taking the lim inf as t → ∞ in the above inequality we have: using (26) . Because is arbitrary and υ is continuous, we have υ(c ) ≥ λυ(c ), a contradiction.
Observe that condition (ii) of Proposition 5 is satisfied if lim x→∞ δ f (x) > 1. Furthermore, conditions (i ) and (iii) of Proposition 5 are always satisfied in the classical version of the model where utility depends only on consumption. An unsatisfactory aspect of Proposition 5 is that condition (i ) rules out utility functions like (24) that are widely used in the literature.
Sustained growth: Necessary condition
In this section, we outline conditions under which optimal capital and output paths (and, therefore, optimal consumption paths) are bounded even though unbounded or sustained expansion is technologically feasible. This is used to derive a necessary condition for sustained expansion. We begin with a useful lemma:
Lemma 2 Suppose that for some x > 0,
and g (x) > 0. Then, h(x) < x.
PROOF: Suppose to the contrary that h(x) ≥ x. Because g (x) > 0 and g is non-decreasing, g (x ) > 0, ∀x ≥ x. Furthermore, V is differentiable and V is strictly decreasing on [x, ∞).
In particular, h(x) ≥ x implies that g (h(x)) > 0. Using (2):
which implies that
and using u c x ≥ 0, u cc < 0, h(x) ≥ x we have:
which contradicts (27).
One can use the above lemma to derive a sufficient condition for optimal consumption and capital paths to be bounded. Recall thatx is the largest non-trivial stationary optimal stock, as defined in (13).
Proposition 6 Suppose that
Then, h(x) < x, for all x >x,
and for every x > 0, the optimal capital path {x t } from x is bounded.
